
PHYSICAL REVIEW E 69, 061204 ~2004!
Reaction ensemble Monte Carlo technique and hypernetted chain approximation study
of dense hydrogen
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In spite of the simple structure of hydrogen, up to now there is no unified theoretical and experimental
description of hydrogen at high pressures. Recent results ofZ-pinch experiments show a large deviation from
those obtained by laser driven ones. Theoretical investigations includingab initio computer simulations show
considerable differences at such extreme conditions from each other and from experimental values. We apply
the reaction ensemble Monte Carlo technique on one hand and a combination of the hypernetted chain ap-
proximation with the mass action law on the other to study the behavior of dense hydrogen at such conditions.
The agreement between both methods for the equation of state and for the Hugoniot curve is excellent.
Comparison to other methods and experimental results is also performed.
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I. INTRODUCTION

The equation of state~EOS! of dense hydrogen and it
isotopes covers regions from the fully ionized plasma, c
sisting of electrons and protons, to atomic and molecu
hydrogen being in fluid and solid state. At high temperatu
and pressures, the system consists of free electrons and
tons. Decreasing temperature leads to the formation of bo
states such as atoms H, molecules H2, molecular ions H2

1 ,
and other species. Such a partially ionized plasma is the
ject of many theoretical investigations by using analyti
methods@1–11# and computer simulation techniques@12–
21#. Especially such investigations become more import
in connection with shockwave experiments@22–27# which
give the most reliable information on the EOS for hydrog
at extreme conditions.

During shockwave experiments the system goes thro
different thermodynamic states accompanied by molec
dissociation, ionization, electron excitation, and other p
cesses. The difficulty of the consistent theoretical descrip
of all these processes is well known. That is why some th
ries are restricted only to the regions of completely ioniz
hydrogen@4,9# or to the neutral system, consisting of a mi
ture of molecular and atomic hydrogen@11#. As a result these
theories agree with the experimental data only in defin
regions of the equation of state and therefore of the Hugo
curve. It seems that among theoretical descriptions only
path integral Monte Carlo~PIMC! method @17# includes
consistently all important processes. The results for
Hugoniot curve obtained within the PIMC method are in
good agreement with theZ-pinch experimental results@27# in
a wide range of temperatures and densities. But one sh
mention that at low temperatures, where molecular sta
dominate a system, the PIMC method converges very slo
to the desired results@15#. The comparison of the PIMC
method and the density functional molecular dynam
~DFT-MD! can be found in Ref.@17#. The restrictions of the
DFT-MD are also critically discussed in Ref.@28#.

Another method which describes the complete region
1539-3755/2004/69~6!/061204~9!/$22.50 69 0612
-
r
s
ro-
nd

b-
l

t

h
ar
-
n

o-
d

e
ot
e

e

ld
es
ly

s

f

the experimental results is the linear mixing model~LM !. In
contrast to the PIMC method, which is afirst principle
method, the LM was developed to describe shock wave
periments by using parameters fitted to the experime
data, see Ref.@10# and references therein. LM interpolate
the EOS between molecular and metallic states of hydrog

In view of different experimental results, the compres
ibility ~sixfold! achieved by laser driven experiments@22,23#
is not met byZ-pinch experiments@27#; it is interesting to
use other theoretical approaches and models in order to
vestigate how they behave in comparison to the experime
results. Furthermore, we restrict our considerations to a n
tral particle system, consisting of molecular and atomic h
drogen. We study the EOS and the Hugoniot curve of hyd
gen and deuterium by using reaction ensemble Monte C
~REMC! method@29,30#. This is the classical Monte Carlo
method which efficiently samples the phase space releva
chemical reactions, and converges rapidly to the equilibri
densities of reagents and products. The quantum effects
be incorporated in this method by using effective interact
potentials and partition functions of species taking part
chemical reactions. The advantage of this method as c
pared to widely used approximative methods for the de
mination of the EOS of hydrogen, such as the Wee
Chandler-Andersen theory@6# and the fluid variational
theory ~FVT! @2,11#, can be summarized in some points:~i!
REMC method calculates the thermodynamic and struct
properties more accurately than approximative theories
~ii ! it does not need any reference system;~iii ! the applica-
tion of the REMC method for a system where many chem
cal reactions occur can be handled by this method in a m
effective way than by the usual free energy minimization,
equivalently, by simultaneous solution of the correspond
mass action laws@31#; and ~iv! as recently shown by Bren
nan and Rice@32#, this method can be effectively applied fo
determining the composition and thermodynamic proper
of the shock-compressed materials.

Additionally we have performed calculations by using
combination of hypernetted chain approximations~HNC!
and mass action laws~MAL ! which we further refer to as
©2004 The American Physical Society04-1
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HNC1MAL. The application of HNC for Coulomb systems
as is well known, gives very good results for its equation
state in comparison to Monte Carlo~MC! @33# calculations.
Levesqueet al. @34# studied the application of the integra
equation theory, particularly HNC, to the binary nonreact
mixture being under extreme density and pressure. The
ticles in this mixture interact through the Morse potenti
The results for the pressure and other thermodynamic va
within the HNC scheme, as found by Levesqueet al. @34#,
are very close to those of MC simulations in a wide range
temperatures and densities. It seems to be interesting t
vestigate whether this performance extends to reacting m
tures of particles interacting through a modified Buckingh
EXP6 potential@35#.

II. THE MODEL

We consider a reacting mixture consisting of hydrog
molecules and atoms

H2
2H. ~1!

The hydrogen atoms are chosen to be the basic elem
which remain stable under any condition. The interact
between particles is taken into account by the analytical fo
of the modified Buckingham EXP6 potential@35# as given by
Eq. ~2!

Uab~r !5
eab

aab26 H expFaabS 12
r

r ab* D G2aabS r ab*

r D 6J
~2!

with the parametersaH2H2
511.1, eH2H2

/kB536.4 K and

r H2H2
* 53.43 Å given by Rosset al. @2#. The interaction pa-

rameters for hydrogen atoms,aHH513.0, eHH /kB520.0 K,
andr HH* 51.40 Å, were proposed by Ree@36#. For the inter-
action between different components, H-H2, the Lorentz-
Berthelot mixing rules was used withaHH2

512.012,

eHH2
/kB526.98 K and r HH2

* 52.415 Å. For distancesr

→0, where the EXP6 potential shows nonphysical behav
we used the extrapolation procedure as proposed by Jur
and Redmer@11#. The coefficients for this extrapolation fo
mula can be found in the original papers just mentioned.

The chemical equilibrium between molecules and ato
in Eq. ~1! is described by the thermodynamic relation

nH2
*

nH
2*

5K~T!exp~bDm!, ~3!

wherenH2
* andnH* are the equilibrium densities of molecule

and atoms, respectively;b51/(kBT). The deviation from
ideality is given by the differenceDm52mH

int2mH2

int of the

interaction parts of chemical potentials of the reacting co
ponents.
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The dissociation constantK(T) in Eq. ~3! is introduced as
the relation of molecular and atomic partition functions@37#,
and for a molecule being in ground state it can be written
a general form as

K~T!5
LA

6

~2s11!2sLM
3 (

n,l
~2l 11!exp~2bEnl!. ~4!

The symbolsA5H,D and M5H2,D2 correspond to the
reacting species,La , with a5A,M the de Broglie wave-
length of these species,s the symmetry number of a mol
ecule, which for hydrogen and deuterium molecules is eq
to s52, and s51/2 the spin of the electron. The energ
levels of the moleculeEnl include vibrational and rotationa
states.

The correct description of the molecular dissociation p
cess requires the knowledge of the accurate vibrational
rotational degrees of freedom of a molecule. In many ca
these contributions are treated in the harmonic oscillator
proximation as done, for example, in Refs.@2,5,11#. The ap-
proximation of the interaction potential by a parabola in t
harmonic oscillator approximation leads to the neglection
contributions important, particularly, for large displaceme
from equilibrium of atoms in a molecule. At the same tim
the harmonic oscillator possesses an infinite number of
ergy levels, while the molecule dissociates at a finite ene
and also possesses a finite number of vibrational levels o
The improvement as compared to the harmonic oscillato
usually done by taking into account more than one term i
Taylor series of the expansion of the potential energy n
equilibrium distance. These terms describe anharmonicity
fects and also coupling between vibrational and rotatio
motion. But because of the infinite number of expans
terms in a Taylor series it is not quite clear how many ter
should be taken into account@38#.

In order more strictly to take into account anharmonic
and coupling between rotational and vibrational motion
solved the Schro¨dinger equation with the potential calculate
by Kolos and Wolniewicz@39# and fitted to the analytica
form of the Murrell-Sorbie potential by Liuet al. @40#,

UHH~r !52De~11a1r1a2r21a3r3!exp~2a1r!, ~5!

where r5r 2r min , De54.747 eV, r min50.7414 Å, a1
53.961 Å21, a254.064 Å22, a353.574 Å23. The results
for rotational and vibrational energy levelsEnl of hydrogen
and deuterium molecules are in excellent agreement with
experimental results of Herzberg and Howe@41# and Stoich-
eff @42#. We also found a good agreement with results
Patch@43#, Wolniewicz @44#, and Waech and Bernstein@45#
who have done similar calculations.

In Fig. 1, results for the vibrational energy levels of h
drogen and deuterium molecules for the angular quan
numberl 50 are shown. For comparison, also those levels
the harmonic oscillator approximation are shown cor
sponding to molecular parametersuv introduced in Table I.
As we can expect, the harmonic oscillator approximation
valid only for the ground vibronic state and at most for t
first excited states of the molecule. Because of the ligh
4-2
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mass, the vibrational energy levels of the hydrogen molec
converge quicker to the continuum lineEn050 than those of
the deuterium one. There is an infinite number of ene
levels calculated in the framework of the harmonic oscilla
approximation going beyond the continuum line. This is d
to the application of a confined potential.

Because of the well known problem of the definition
bound states, starting from the physical picture, we wan
mention that the definition of the mass action law by Eq.~4!
is not the only possibility. It is more useful to introduce th
dissociation constant according to

K~T!5
LA

3

2A2
(
n,l

~2l 11!@exp~2bEnl!21#. ~6!

This formula is justified by the application of the Levinso
theorem to the singlet part of the quantum virial coefficie
@46#. The energy levelsEnl in Eq. ~6! are those calculated
from the Schro¨dinger equation with the interaction potenti
~5! according to Ref.@39#.

Next we compare results for the degree of dissociat
a5nH* /(nH* 12nH2

* ), calculated from Eq.~3! using Eq.~6!

and the expression for dissociation constantKh(T) in har-
monic oscillator approximation

Kh~T!5
LA

3

2A2

T

u r

exp~bD0!

12exp~2buv!
, ~7!

TABLE I. Constants for hydrogen and deuterium molecu
@47#.

D0 ~K! uv ~K! u r ~K!

H2 51930.0 6332.05 87.55
D2 52835.3 4486.68 43.78

FIG. 1. Solutions of the Schro¨dinger equation for vibrationa
energy levels of molecular hydrogen and deuterium for the orb
quantum numberl 50. The results are compared to the energy le
els in harmonic oscillator approximation.
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where the values for the dissociation energyD0, the rota-
tional u r and the vibrationaluv constants are given in Tabl
I. The calculations forDm were done in the framework o
the HNC1MAL method.

As we can see from Fig. 2 for the temperaturesT55000
and 10 000 K, where the main contribution to the dissoc
tion constant comes from the ground vibrational state,
agreement ofa calculated by using Eqs.~6! and~7! is rather
good. With increasing temperature the discrepancy of
results becomes more pronounced, then the difference
tween harmonic and anharmonic results changes the sig
ter passing zero for aboutT517 000 K. At T560000 K,
using Eq.~6!, we obtain almost completely dissociated m
lecular hydrogen. The result withKh(T) shows strong for-
mation of molecules at this temperature~note that the bind-
ing energy for the isolated hydrogen molecule isD0
551 930 K). The reason is that, for large temperatur
Kh(T) increases asymptotically asKh(T)'AT where, at the
same conditions, we haveK(T)→0.

The difference of the masses of hydrogen and deuter
molecules,mD2

52mH2
, has an influence on the number

rotational and vibrational levelsEnl from solutions of the
Schrödinger equation but produces a very small effect on
dissociation constants of both elements. It seems that al
fects in Eq.~6! compensate each other and the final resul
not sensitive to such difference in the masses. As we can
from Table II, only at low temperatures there is some d
crepancy in the dissociation constants for hydrogen and d
terium, but, with increasing temperature, this discrepan
practically vanishes.

III. NUMERICAL METHODS AND DETAILS
OF SIMULATIONS

A. Reaction ensemble Monte Carlo

The simulation in the framework of the REMC metho
was done at constant volumeV and temperatureT for both

l
-

FIG. 2. Degree of dissociationa for molecular hydrogen in
anharmonic approximation~6! and harmonic approximation~7!.
Calculations were done in the HNC1MAL scheme. At T
517 000 K, harmonic and anharmonic results coincide.
4-3
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hydrogen and deuterium. At these conditions the met
generates two types of state transitions: particle displa
mentsPdis and reaction stepsPr .

The particle displacements are implemented in the us
way with the transition probability

Pdis5min@1,exp~2bDU !#, ~8!

where DU is the change in the configurational energy
particles interacting through the EXP6 potential Eq.~2!.

The reaction step for molecular hydrogen dissociation
~1! is given by

Pr5minF1,exp~2bDU !
NH2

V

~NH12!~NH11!K~T!
G , ~9!

whereK(T) is the dissociation constant Eq.~6!, NH andNH2

are the numbers of hydrogen atoms and molecules, res
tively.

The reverse reaction in Eq.~1! is accepted with the prob
ability

Pr5minF1,exp~2bDU !
NHH~NH21!K~T!

~NH2
11!V G . ~10!

It is necessary to mention that REMC includes autom
cally the condition of the chemical equilibrium, Eq.~3!, in its
reaction transition probabilities, Eqs.~9!–~10!.

The thermodynamic data such as pressurep and the con-
figurational part of the internal energyUint were calculated
as averages over configurational states@48#

p5(
a

^Na&
V

kBT2
1

3V K (
a,b

(
i , j

Uab~r i j !

dri j
r i j L , ~11!

Uint5K (
a,b

(
i , j

Uab~r i j !L ^N&kBT. ~12!

The simulations were performed in a cubic simulation b
with the minimum image convention, with periodic boun
ary conditions, and with a cutoff radius equal to half the b
length. The initial configuration was taken to be the fac
centered-cubic~fcc! lattice for every input total hydrogen
densitynt5nH* 12nH2

* . For densitiesnt<0.1 g/cm3, the ini-

tial number of hydrogen atoms and molecules was take

TABLE II. Dissociation constants, Eq.~6!, for hydrogen and
deuterium.

T ~K! KD2
(Å3) KH2

(Å3)

2000 1231010 1031010

5000 17002 16556
8000 383.85 380.21
10000 108.79 108.14
30000 1.7635 1.7610
60000 0.2447 0.2445
100000 0.0609 0.0609
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be equal toNH5NH2
554. For densitiesnt.0.1 g/cm3 the

initial number of molecules and atoms wasNH5NH2
5250.

In the course of the simulations, the numbers of partic
~atoms and molecules! for any givennt changed due to re
actions, the box volume had to be calculated for every in
total hydrogen densitynt . The maximum number of par
ticles for complete dissociated hydrogen was 162 fornt
<0.1 g/cm3 and 750 fornt.0.1 g/cm3. The acceptance rat
for particle moves was set to be 30%. The EXP6 poten
long range corrections for the configurational energy a
pressure were included, assuming that the radial distribu
function is unity beyond the cutoff distance.

For the calculation of averages, Eqs.~11! and ~12!, and
for the composition, the system was equilibrated by 17

steps, and the same number of steps was used for the
duction cycles. The final results were obtained as the m
over 20 blocks.

B. Hypernetted chain approximation and mass action law

Let us consider the HNC with the MAL for reacting sy
tems. We obtained values for the direct correlation funct
cab(r ) and for the total correlation functionhab(r ) from the
solution of the Ornstein-Zernicke equation for mixtures

hab~r !5cab~r !1(
k

nkE cak~ ur2r 8u!hkb~r 8!dr 8,

~13!

with the HNC closure relation for the direct correlation fun
tion

cab~r !52bUab~r !1 ln@hab~r !11#1hab~r !, ~14!

and with the interaction potentialUab(r ) given by Eq.~2!.
With these results the interaction parts of the chemical
tentials in the HNC approximation@49# were calculated

bma
int5(

b
nb* E S 1

2
hab~r !@hab~r !2cab~r !#2cab~r ! Ddr .

~15!

The values for the interaction parts of the chemical pot
tials of molecular and atomic hydrogen were substituted i
the expression for the MAL, which we rewrite in a slight
different version of Eq.~3!,

12a

a2
52ntK~T!exp~bDm!. ~16!

The degree of dissociation was calculated by an itera
procedure which was terminated after a given valueu(a j 11
2a j )/a j 11u,1024 was reached.

For the calculation of the total and direct correlation fun
tions, Eqs.~13! and~14!, the Ornstein-Zernicke equation wa
solved by using the Gillan algorithm@50# which we adopted
to many component systems. The direct correlation functi
4-4
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cab(r ) and the total correlation functionshab(r ) were calcu-
lated on an equidistant grid space withN52048 points and a
stepDr 50.025 Å.

The pressure and the configurational part of the inter
energy in the HNC1MAL approximations are calculated b
using the radial distribution functiongab(r )5hab(r )11,

p5(
a

na* kBT2
2p

3 (
a,b

na* nb* E
0

`dUab~r !

dr
gab~r !r 3dr,

~17!

Uint/NkBT52p(
a

(
b

xaxbE
0

`

Uab~r !gab~r !r 2dr,

~18!

wherexc5nc /(bnb is the fraction of the componentc.

IV. RESULTS

In the scheme presented in this paper we consider o
molecular dissociation, neglecting ionization. This restri
the application of the theory to temperatures and dens
where the ionization is small and its effect on the thermo
namic properties can be neglected.

The degree of dissociation as a function of the total
drogen densitynt for some temperatures is presented in F
3. Both methods, REMC and HNC1MAL, show a similar
behavior for all temperatures and densities. For low temp
tures we have found that there are regions in then-T plane,
like in the caseT55000 K, where no solutions of th
Ornstein-Zernicke equation exist. This can indicate the
pearance of instabilities in the system. Such instabilities
low temperatures for systems with EXP6 interactions w
reported by Ree@36#, and by Juranek and Redmer@11#. Re-
sults for the degree of dissociation calculated within the F
@11# are close to ours atT55000 K, but for the temperatur

FIG. 3. Degree of dissociationa for molecular hydrogen calcu
lated by HNC1MAL and REMC methods. Comparison to FV
@11# is also given. AtT55000 K, the HNC1MAL result is termi-
nated at the density 0.78 g/cm3. This indicates the region where w
did not find solutions to the OZ equation.
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T510 000 K, they lie below ours. It means that the molec
lar partition function used in the FVT produces more m
ecules than our procedure does at given temperature and
sity.

It should be noted that, with increasing temperature,
minimum of the degree of dissociation is shifted to high
densities. At the same timea increases less rapidly at highe
temperatures than at lower ones~see also Fig. 2!. This is a
consequence of the decreasing nonideality effects at s
temperatures because of the competition between particl
teractions and their thermal motion.

Comparing the results for the pressure calculated
REMC and HNC1MAL methods we found that they almos
coincide for all temperatures and densities, except for
gions where HNC does not give solutions of the Ornste
Zernicke equation. Some results forT55000 and 10 000 K
are introduced in Fig. 4. At the temperatureT55000 K both
REMC and HNC1MAL methods show very good agreeme
with FVT @11# and tight-binding molecular dynamics~TB-
MD! @13#. Pressures calculated within a generalized grad
approximation molecular dynamics~GGA-MD! @19# are
lower than those of REMC method and of HNC1MAL
method. AtT510 000 K and densities up to 0.5 g/cm3, our
results and those of FVT, and of TB-MD, lie close to ea
other. Better agreement is also achieved in comparison to
results of GGA-MD. Militzer and Ceperley@17,18#, who
used~PIMC! simulations, reported higher pressures for th
temperature than REMC and HNC1MAL methods.

The dissociation from molecular to atomic hydrogen o

FIG. 4. Hydrogen pressure vs density. AtT55000 K the curve
for HNC1MAL method terminates at the same density as explain
in Fig. 3. Comparison to other theories is shown.
4-5
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curs continuously and this in turn leads to changing the p
sure of mixtures of two components to the pressure of p
atomic hydrogen as shown in Fig. 4. Because of the res
tions of the model considered in this paper, the atomic
drogen does not undergo phase transitions to a metallic
with increasing pressure@51,52# and stays as a dense atom
fluid.

In order to compare our results for the internal ene
with those of theab initio computer simulations we hav
normalized the internal energy in REMC and HNC1MAL
methods to the ground-state energy of the isolated hydro
atom I 5213.6 eV. The internal energy per atom in eV
given by

E5S 3

2
kBT1xH2

Emol1UintD Y ~22xH!213.6, ~19!

where Uint was calculated within REMC or HNC1MAL
method. The contribution of the internal degrees of freed
of a molecule to the internal energy is

Emol5

(
n,l

~2l 11!Enlexp~2bEnl!

(
n,l

~2l 11!@exp~2bEnl!21#

. ~20!

Like in the case of density and pressure, the results for
internal energy, calculated by REMC and HNC1MAL meth-
ods, practically cannot be distinguished on the scale in
duced in Fig. 5. For the temperaturesT55000 and 10 000 K,
REMC and HNC1MAL methods agree very well with
PIMC @13# and TB-MD methods@8#. The results of the FVT
@11# rescaled to the ground state energy of isolated hydro
atom are also very close to our data.

We have also used our EOS data to derive the Hugo
curve for shocked liquid deuterium. The Hugoniot curve

FIG. 5. Dependence of the internal energy on the hydrogen d
sity. Values for the internal energy according to FVT@11# were
rescaled to the ground state energy of the hydrogen atomI 5
213.6 eV. Comparison to other theories is shown.
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the locus of final conditions with the densityn, pressurep,
and energyE that can be reached with shocks of increas
intensity from a fixed initial state with densityn0, pressure
p0, and energyE0. The relation between initial and fina
conditions is given by the Hugoniot equation

E5E01
1

2
~p1p0!S 1

n0
2

1

nD . ~21!

For the calculation of the Hugoniot curve, the initial sta
was taken to be liquid deuterium with the the initial dens
n050.171 g/cm3. This value is typical for experimental con
ditions@22–27#. We ignore the very small initial pressurep0,
setting p050. The initial energy was taken to beE05
215.875 eV/atom which is the sum of the ionization ener
of the deuterium atomI 5213.6 eV/atom and a half of the
dissociation energy of the deuterium moleculeD0/25
22.275 eV/atom.

As we expected, the solutions of the Hugoniout equat
~21! for both REMC and HNC1MAL methods differ only
about a few percent~maximum 1%!. As shown in Fig. 6, the
Hugoniot curve calculated within the HNC1MAL method
goes practically through all points of the REMC method.
the low pressure region our results are close to the gas
experiment data given by Nelliset al. @24# and to theZ-pinch
data by Knudsonet al. @27#. But with increasing pressure
our data tend to the experimental values found by Da Silvet
al. @22# and by Collinset al. @23# which used laser driven
experimental techniques. The maximum compression p
dicted by our calculation isn/n054.82 which differs from
the laser driven experimental valuen/n056 and at the same
time from theZ-pinch results. At the point of maximum com
pression our theory predicts the temperatureT520 000 K
which is almost two times higher than the temperature
tained experimentally, using pyrometric measurements
single-shock-compressed liquid deuterium, by Collinset al.
@58#.

n-

FIG. 6. Comparison of experimental results with Hugon
curves derived from different EOS models.
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It is important to note that for pressures higher than
GPa the difference between data obtained by different
perimental techniques increases. On one hand, the da
Belov et al. @59#, who used the high explosive sphere expe
mental technique, and those of Knudsenet al. @27#, lie close
to each other and to the results of the database SESAME
those of the PIMC method. On the other, high compressi
ity achieved by laser driven experiments is supported only
the linear mixing model of Ross@10#. Such a situation show
that there is still theoretical work to do in order to understa
such behavior.

Comparison of our results to other theoretical metho
andab initio computer simulations shows a good agreem
with FVT @11# and with the LM @10# in the low pressure
regime. Discrepancy to SESAME@7#, which is widely used
as a standard EOS, increases rapidly with increasing p
sure. The values for the Hugoniot curve calculated within
PIMC method@17# lie close to the linen/n054 and agree
with our data only at high temperatures and pressures.
such agreement is rather the result of the correct asymp
behavior of our model than the description of real proces
in this region. The results by Collinset al. @19# within
GGA-MD method show a maximum compressibilityn/n0
54.58 which is close to our value. However, the gene
position of the GGA-MD Hugoniot curve in theP-n plane in
Fig. 6 differs substantially form our results.

As we already mentioned, at high temperatures, the Hu
niot curve calculated within our model shows the corr
limiting compressibilityn/n054 @53–55#. After the disso-
ciation of molecular deuterium was completed, further
crease of the temperature leads only to an increasing kin
energy of atomic deuterium and diminishing of the influen
of interaction between particles. At temperatures h
enough, atoms behave like ideal particles with the result
n/n054. This result is a consequence of the adequate
scription of the molecular partition function for deuterium.
becomes more pronounced if we compare the Hugo
curves calculated by using the harmonic oscillator appro
mation for the dissociation constant Eq.~7!. For this calcu-
lation the expression for the internal energyE in Eq. ~21!
was also used in the harmonic oscillator approximation@56#.
The results for the limiting behavior of the Hugoniot curve
high temperatures are introduced in Fig. 7. The nonphys
formation of deuterium molecules at high temperaturesT
.TD causes an increasing compressibility to the limiti
valuen/n058. This is the maximum compressibility of th
ideal molecular gas with harmonic oscillations which is o
of the range of all experimental values.

V. SUMMARY

We have applied REMC and HNC1MAL methods for
describing the equation of state of dense hydrogen and
Hugoniot curve for deuterium. Although the HNC equati
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is an approximation for the determination of the direct c
relation function, the results for the EOS calculated with
the HNC1MAL method agree very well with those from th
REMC method. We see that the HNC1MAL can be used to
describe shock compressed systems in a wide range of
peratures and densities.

In order to improve the partition function for molecula
hydrogen~deuterium! we have calculated rotational and v
brational energy levels by solving the Schro¨dinger equation
with the potential Eq. ~5! calculated by Kolos and
Wolniewicz@39#. The resulting partition function was used
the expression for the dissociation constant and for the in
nal energy. Comparing results for the degree of dissocia
a, calculated by using the expression for dissociation c
stant Eq.~6! and the one within the harmonic oscillator a
proximation, we have found that the latter overestimates
formation of molecules at high temperatures. It leads to sh
ing the Hugoniot curve to higher densities with wron
asymptotic behavior.
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FIG. 7. Influence of the anharmonic approximation, Eq.~6!, and
harmonic approximation, Eq.~7! on the limiting behavior of the
Hugoniot curve at high temperatures. The region of the validity
indicated by the solid line. Its continuation~black dashes! shows the
asymptotic behavior of our model at high temperatures. The res
of PIMC method and FVT are also shown.
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